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Let a > 1. For each positive integer n, a polynomial S,(x) of degree <n is con-
structed such that S,(x) ~exp(—|x|*), |x| < Cn'™, where C > 0 is independent of .
These polynomials enable one to estimate Christoffel functions and prove L,
Markov-Bernstein inequalities for all O<p<oo, and for all the weights
exp(—|x|*), @ > 1. In particular, the gap 1 <2 <2 in Feud’s approximation theory
can be filled, and one can prove L, Markov-Bernstein inequalities for 0< p<1.
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1. INTRODUCTION

The early papers of Freud [6,7] and Nevai [21,22] on weighted
approximation for exponential weights dealt primarily with weights such as
W, (x) =exp(—x**), where k is a positive integer, The reason for this was
that the (n + 1)th partial sum, S,(x) say, of the Maclaurin series for W,,(x)
satisfies

S, (x) ~ Wy(x), |x| < Cn''?%, (1.1)

where C > 0 is independent of #» and x. Here ~ denotes that the ratio of S,
and W, is bounded above and below by positive constants independent
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of n and x. These polynomials facilitated estimation of Christoffel functions
and proofs of Markov-Bernstein inequalities.

Subsequently, Freud [8-10] realized that, in order to provide upper and
lower bounds for Christoffel functions, it suffices to construct polynomials
that equal the weight at one point and that approximate the weight on one
side only, rather than satisfy (1.1). This, and other ideas, enables Freud to
prove weighted Markov-Bernstein inequalities in L, (1 <p< ), and to
develop a theory of weighted approximation for a large class of weights,
which included W, (x)=exp(—|x|*), x=2. A partial theory of
approximation for W, (x) was developed by Freud, Giroux, and Rahman
[121].

One gap in Freud’s theory was that it did not treat the weights W (x),
1 << 2: The methods of [6-10, 21, 22] did not yield lower bounds for
the Christoffel functions to match the upper bounds in [9]. The partial
lower bounds obtained by one of us [17, Theorem 3.6(ii)] and Mhaskar
and Saff [20, Theorem 6.5(b)] do not really fill this gap. See [17] for
further results and references on Christoffel functions, and Mhaskar [19]
and Nevai [257] for more general surveys.

A futher gap in Freud’s theory is that his method of proving L,
Markov—Bernstein inequalities does not work for O0< p<1. Using the
polynomials {S,(x)} that satisfy (1.1), Bonan [3] and Bonan and Nevai
[4] filled this gap for weights such as |x|” exp(— x?). In this paper the gaps
l<a<2and O<p<1, a>1 will be filled. One of the main results of this
paper is

THEOREM 1.1.  Let a> 1. There exist even polynomials S,(x), n=1,2,..,
such that

(1)  S,(x) has degree at most n,
(i) S, (x)~ W, (x), x| <C,n'?, (1.2
(iil) S0 S Caolx|* W (x), Ix[ < Cyn', (1.3

and in particular
ISp(x)| < Can' =W (x), X[ <Cyn'™

Here the constants C,, C,, and C; are independent of n and x.

It will be shown after Theorem 7.4 that assertions (i) and (i) of
Theorem 1.1 cannot hold for any a€(0, 1]. For a = 2, one can replace the
< in (1.3) by ~, at least for |x| > 1, but the proof of this will be omitted.
One easy consequence of Theorem 1.1 is
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CoroLLARY 1.2, (Estimates of Christoffel functions). Let a>1. For
n=123,.., and xeR, let

3 W2, x)=inf [ (PW,Y () duf P(x),

— 0

where the infimum is taken over all polynomials P(x) of degree at most n— 1.
There exist positive constants C| and C, independent of n and x, such that

(i) (Wi x)~n'"" " TWix), x| < Cyn', (1.4)
(i) A (W5x) 2 Con'* " TWi(x), xeR. (1.5)

Corollary 1.2 is a special case of Theorem 7.4. A further straightforward
consequence of Theorem 1.1 is the “local” Markov—Bernstein inequality in
Theorem 7.3. The most important special case is

CoroLLARY 1.3. (Markov-Bernstein Inequality). Let a>1 and
0< p<oo. For n=1,2,.., and all polynomials P of degree at most n,

HP/ Woz“ Ly(R) < Cnl a UaHPW:xH Lp(R)?

where C is independent of n and P.

To construct the polynomials of Theorem 1.1, we consider entire
functions that are canonical products of Weierstrass primary factors with
only negative real zeros. The general asymptotic results for canonical
products in Boas [2] and Levin [14] are not sufficiently precise for our
purposes, but those in Abi-Khuzam [ 1] are. However, our approach is dif-
ferent from that in [1], since we wish to treat more general weights in a
subsequent paper, and thus prove some of the preliminary results in a
general form.

Unfortunately, in considering general weights W(x)=exp(—Q(x)), one
has to use the results in [18], and one has to treat separately the cases
where Q(t) grows slower, or at least as fast as 12, as |t] » . There is a
further problem when Q(¢) grows slightly slower than 2 or ¢*, as |t| - oo.
Hence the decision to treat only the weights W (x), «> 1, in this paper.

The paper is organized as follows: In Section 2, we present our notation.
In Section 3, some preliminary lemmas are established, and in Section 4, a
“remainder” term is approximated by polynomials. In Section 5, we use the
partial sums of Maclaurin series to approximate certain entire functions by
polynomials, and in Section 6, the proof of Theorem 1.1 is completed. Sec-
tion 7 contains the proofs of Corollaries 1.2 and 1.3, as well as several
further results.
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2. NOTATION
Given x>0, we let
W (x)=exp(— |x|%), xelR.

Throughout, p,(W?2;x), n=0, 1, 2,.., denote the orthonormal polynomials
for W72, satisfying

JX PAWL X)) P Woix) Wikx)dx =6,,,, mn=0,1,2,..
Further, for n=1, 2, 3,... and all xe R,

3AWE ) =int [ (PW,) ) dufP(x),

Es

where the infimum is taken over all Pe &, |, the class of real polynomials
of degree at most n— 1. Given 0< p< oo, MLMR) denotes the usual L,
norm on R. As in {17], for 0 < p< oo, and non-negative integers j, we
define

}”n.p( Wawj’ x): ;ﬂf ”PWJHI,,,(!R)/IPU)(X)L XERa (21)

no |

n=j4+1, j+2,.. Note that, as in [17],

n—1

{aWonjox)} 2= 3 {p (W50 (2.2)

k=0

and
{ AW, 0, x) 2= 4,(W2, x). (2.3)

Throughout, C, C,, C,,... denote positive constants independent of » and
x. Different occurences of the same symbol do not necessarily denote the
same constant. When stating inequalities for polynomials P of degree at
most #n, the constants will be independent of P, n, and x. To denote depen-
dence of constants C on parameters «, p,.., we write C= C(a, p), and so
on.

The usual symbols ~, 0, and O will be used to compare functions and
sequences. Thus, f(x)~ g(x) if for some C, and C,, C; < f(x)/g(x)<C,
for all x considered. Given a non-negative integer /, the Weierstrass
primary factor of order / is

o fl=2) =0
E(L’/)&{( —z)explz+2%2+ - +zYl), >0
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Finally, for any real x, [x] denotes the largest integer <x and
# o denotes the number of elements in a set .o/, while [0, z] denotes the
directed segment from o to zeC.

3. PRELIMINARY LEMMAS

The following lemma shows that it suffices to consider the weights
W.(x), 1l<a<2:

{S.(x)} ={S,.{x)} satisfying (i), (ii), and (iii) in Theorem 1.1. Then, for
each o> 1, there exists even polynomials {S,(x)} = {S, . (x)} satisfying (i),
(1), and (i) in Theorem 1.1,

LEMMA 3.1.  Assume that for each a € (1, 2), there exist even polynomials
(i

Proof. Let a>1. There exists a non-negative integer m such that
2m <o <2m ! Let
p=a/2" (3.1)

so that 1 < <2 If =2, then « is a positive even integer, and standard
methods [7, 21] show that the partial sums of the entire function W,(x)
(which are even) satisfy (i), (ii), and (iii) of Theorem 1.1. So suppose
1 < B <2. By hypothesis, there exist even polynomials S, 4(x) of degree at
most n satisfying

Sy p(x) ~ Wiylx), |x| < Cn'?, (3.2)
|S,.6() S CIxP T Wylx),  |x| < CnVP (3.3)
For each positive integer n, let k= [n/2"] and let
Sn.ar(x) = Sk,ﬂ(xzm)7 (34)
which is an even polynomial of degree at most ». By (3.1) and (3.2), we see
Sn,o((x) ~ Wx(x)a
provided
ixZ"’l < Ckl//)‘ ~ nl//f’
which is true if |x| < C,n'”* Further, by (3.3) and (3.4) for |x| < C,n'”,
1850 (X)] = 272" 1 S} p(x?")]
< Cl 2m|x|2’"— i |x12’"(1f— l)WB(XZ’")
= C27|x]*" T, (x),
by (3.1). 1
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The next lemma shows that it suffices to approximate on part of the
positive real axis:

LEMMA 3.2, Let A>0. Assume that for each fe (1), there exist
polynomials {T,(x)} = {T, 4(x)} and constants C, and C, such that

(1) T,(x) has degree at most n;
(i) T,(x)~Wylx), xe[4, C;n""]; (3.5)
(iii) 7,00 < Calx|” "Wy(x), xe[4, C,n""]. (3.6)

Then, for each o> 1, there exist even polynomials {S,(x)}={S,.(x)}
satisfying (1), (1), and (i) in Theorem 1.1.

Proof. By the previous lemma, we need consider only a € (1, 2). Let f=
/2, so that fe (4, 1). For each positive integer #, let

Salx) = Tffz,’Zl/f(xz + 4),

so that S, , is even and has degree at most s. Since o« = 2f <2, we have

0 (x?+ 4y — |x1*"< C,, xeR,
so that by (3.5),
S X) ~exp(—(x* + A)) ~ exp(—|x[*)

provided x*+ A€ [A, C,[n/2]""], which is true if [x| < C,n"* Thus, S, ,
satisfies (i) and (ii) in Theorem 1.1. Further, by hypothesis, for |x| < C,n'"*,

1S, () < 21x] Co(x® + AY' W i(x* + 4)

<{Cs(xz+/1)” W), x|
TGl W), | x|

S Colx]* W, (x),
as f=o/2and a—1<1. |

Various forms of the following lemma are well known in complex
function theory, but for completeness we include a full proof of the par-
ticular form we need.

LEMMA 3.3, Let ¢(t) be a function continuous and non-decreasing in
[0, o), with ¢(1)=1 and ¢(1) =20, 1t [0, c0). Assume further that

lim ¢(t)= oo, (3.7)

1 — o
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and assume there exists a non-negative integer [ such that
o0
j Syt di < 0. (3.8)
1

For n=1,2,3,.., let r, be the smallest positive root of the equation
é(r,)=n. (3.9)
Let

ﬁ E(—z/r,. 1) (3.10)

Then, G,(z) is an entire function, and for a suitable determination of the
logarithm,

log G,(z)=(—=1)'H(z) + U(z) + F(z),  zeC\(—o,0), (3.11)
where U(z) is a polynomial of degree at most I, and

H(z)=£m?—(t—)<$> +1dz, zeC\(— o, 0), (3.12)

r+z

and

F(z)zjl‘x'[ﬂ’%_fﬂ(::) di,  zeC\(—o0,0) (3.13)

Proof. First note that the integral in (3.12) converges uniformly for z in
compact subsets of C\(—c0,0] (by (3.8)) and hence defines an analytic
function there. Similar remarks apply to the integral in (3.13) as
[[d(2)]— #(1)] < 1. Using the first of the identities,

(— 1y ()— LY (- (3.14)
t+z\1)  i4zil 2 '
1 1

[*l

and using (3.12), we see that for ze C\(— o0, 0),

(- D'HE) = {60~ 80+ [T} (- wlr(?>d’

TR R U0 FEARE
= — F(z)— U(z) + ( 1)’l P <t> dt, (3.16)
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by (3.13), and where U(z) i1s a polynomial of degree at most /. Next, for
n=1,2,., let y,(t) be the characteristic function of the interval [r,, ).
Then, for re (0, oc),

Z Xn(t): #{rn:rngl}

n=1

=#{nn<g(r))=[41)], (3.17)
by (3.9) and monotonicity of ¢. Next, by (3.8) and (3.17),

oo>£% ()] 1" 2dr:”; jl" oty 1 2dr

=(+1) ">, N (3.18)
n=1
Here the interchange of series and integral is justified as all terms in the
series and integral(s) are non-negative (Halmos [ 13, p. 112, Theorem B]).
It follows from (3.18) that G,(z) is entire (Boas [2, p. 19]). Now let = be
real and positive. Applying (3.17) and noting that all the terms in the series
and integral are real and have the same sign, we see that

! > [¢([)] Z ]
(—I)L I+:z (7) dt

X;x([) /
ljl e <> (—1Ydt

-y [ {——Jrzu-w by a3)

n=1" 4 1tz =1

x

= Z {log(l+:/rrx)+ Z (_Z){/”Irn j}

n=1 j=1

=Y log E(—z/r,, I)=log G4(z). (3.19)
n=1
From this last identity and (3.16), we see that (3.11) holds for z real and
positive. As both sides of (3.11) are analytic in C\(-oc, 0], the result
follows. |

Our strategy in constructing polynomials satisfying the hypothesis of
Lemma 3.2 will be to approximate each of Gy(z)exp(—U(z)) and
exp(—F(z)) by polynomials along some ray {rexp(if,): re(0, «0)}, and
then to multiply these polynomials as an approximation to

exp((—1)'H(z)) = G,(z) exp(— U(z) — F(2)).
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In the case of Lemma 3.2 we shall choose ¢(t)=t*, I=0, and it will turn
out that for suitable 4 >0, 6,e (—=n, n) and z=rexp(if,), r >0,

lexp((—1)'H(z))| ~ exp(— Ar").

4. THE REMAINDER TERM exp(— F(z))

The purpose of this section is to prove the following general proposition,
which can be used to deal with exp(— F(z)):

PropPoSITION 4.1, Let (1) he a measurable function on [ 1, oo) satisfying

) <1,  tell, ), (4.1)
and let
Fo(z):letﬁgédz, zeC\(—a0, —1). (4.2)

Let n>1 and {I',}_, be a sequence of positive numbers satisfying

1< T, <n*/(logn)®  forall nlarge enough. (4.3)

Finally, let —m<8y,<mn. Then, for each positive integer n, there exist
polynomials P,(z) of degree at most n, such that

|P,(2) exp(Fo(2))] ~ 1, (4.4)

and
|P(z) exp(Fo(z))| S C(1 + |z]) 1, (4.5)

for all ze [0, I, exp(ify)].

The proof of Proposition 4.1 will be split into several lemmas, all of
which assume the hypotheses of Proposition 4.1.

LeMMA 4.2.  Consider the ellipse &, with foci at O and I, exp(i0,), and
with major semi-axis equal to 1+ I', /2, for each positive integer n (Fig. 1).
Let €>0 be so small that

—n+e<by<n—e. (4.6)

Then there exists A >0 such that the set
G ={re"r>Aandn—e<0<n+¢}, (4.7)

does not intersect &,, n=1, 2, 3,....
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FIGURE 1.

Proof. The point z = re" lies outside &, if the sum of its distances to 0
and I, exp(ifl,) (the foci of &,) exceeds 2 + I, (the major axis of &,). Now,

fn—e<<O0<n+e, then

<H— O +e<2
9A00=(7r—90)+(9~7r){ m—bote<in

zn—H0,—e>0,

by (4.6). Hence, for some 7€(0,1) independent of 6, cos(#—8,)<

1 —n<1. Then,

|zl + |z = I, exp(ibo)| = r + |17, — r exp(i(0, — 0))]

zr+ 1, —rcos(6—0,)
2w+ L,>1,+2

if r 2 2/n. Thus, we may choose 4 =2/5. |

Lemma 4.3, Let A and & be as in Lemma 4.2. Let

_[(ry): e
Fl(z)—LAt+Z—tdt, 2eC\(— o0, —24).

Then F\(z) is analytic in C\2 and satisfies there
(1) IFI<C/(lzl +1);
(i) [Fi(z)] < C, log(1+|z}).
In particular,
(ili) n “<lexp(—F,(z)) <nC, zed,n=1273..
Proof. If z=re" with |0] <,

(1)

24 (24 1)

|Fi(2)] < dt

2

<J’ dt 0
“lo (t4ncos @)+ (rsinf)® rsinf’

(4.8)

(4.9)
(4.10)

(4.11)

(4.12)
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by (4.1) and (859.163) in Dwight [5, p.228]. Here, if 8 =0, one must
replace 6/sin § by its limiting value 1. Further, if |z| < 4, we see

dt

FeI<]

From (4.12) and (4.13) we obtain (4.9) for ze C\2 and some suitable
C,. Then (4.10) follows as F,(0)=0. The last assertion of the lemma
follows from (4.10) and Lemma 4.2, and as

zeé,=|z| <1+ T, <2n% n=2,3,..,
by (4.3). |
LEmMMAa 4.4. Let & be the ellipse with foci at z, and z, and with semi-axes

a and b. Then for any function g, analytic on & and its interior, one can find
polynomials P¥(z) of degree at most n, n=1, 2, 3,..., such that

max{|g(z)—P¥z):ze[z,,2,]}

<2max{|g(z):ze6} p "H(p—1), (4.14)

where
p=2a+b)/|z,—z,|. (4.15)
Proof. The special case z;= —1 and z,=1 is considered in Lorentz

[15, p. 78, inequality (6)]. Since a suitable linear transformation maps &
onto the ellipse with foci at —1, 1 and sum of half-axes p, the generai case
follows. |

Proof of Proposition 4.1. It obviously suffices to prove (4.4) and (4.5)
for all large enough positive integers n. Let &, and 2 be as in Lemma 4.2.
Since &, does not intersect & (by Lemma 4.2), we can use Lemma 4.4 with
& =46, and g(z) = (d/dz)(exp(— F,(z))). For this case

a=1+1,/2; |z, —z,| =1",;
and
b=(a’—|z,—z,|}/4)"? =1+ )"~
Hence, by (4.15)
p>1+20 12 (4.16)
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Applying Lemma 4.4, and using the estimates (4.9), (4.11), and (4.16),
we conclude that there exist polynomials PX¥(z) of degree at most n— 1,
n=1,2,3,.., such that for ze [0, I', exp(if,)].

d \ ,
L P F1(2) = PT () <2nC(1+20, 717 e

< Gy exp(—Cyllog n)),

for some suitable C, and C,, by (4.3). Now define a polynomial P,(z) of
degree at most n, by

P(z)=P} ((z) and P, (0)=1,

to obtain for z € [0, I, exp(ib,) ],
d
—exp(—F(2)) — P,(z)| < C5 exp(— Cy(log n)"). (4.17)

Since exp(— F,(0)) =1, we can integrate to obtain
lexp(— F(z)) — P,(2)] < Csexp(— Cq(log n)"), (4.18)
for ze [0, I, exp(ify)]. Using (4.11) and (4.18), we deduce that
|P,(z) exp(F (z))] ~ 1, ze [0, I, exp(if,)].
Further, using (4.9), (4.11), and (4.17), we deduce that
|Pu(z) exp(F () S Cy/(z[ +1),  ze [0, I, exp(iby) ].

To complete the proof of (4.4) and (4.5) if suffices to show that for z e
[05 Fn exp(igo)],
lexp(F(z))] ~ [exp(Fo(z))].

In view of (4.2} and (4.8), this is equivalent to showing

JMMG) dt‘ <Co,

t+z\t

for all ze [0, I', exp(ify)]. For |z| = 3A, such a bound is evident, and for
ze [0, 34 exp(if,)], the bound follows by continuity. [

5. THE ENTIRE FUNCTION G 4(z) exp(— U(z))

Throughout this section, we assume the hypotheses of Lemma 3.3. First,
we establish some properties of G, and H.
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LEMMA 5.1. (1) There exists C such that for |z| =r =0,
|G 4(z)! <exp(CH(r)). (5.1)
(ii) For z=re®, {0) <,
|H(z)| < /2 H(ry max{1, (1 + cos §) 2} (5.2)
(iii) For r>0,
ISrH'(r)/H(r)<i+ 1. (5.3)

(iv) H(r) and H(r)/r" are non-decreasing in (0, o).
(v) Forrz=l,

H()r'<H(r)<H(1)r't L (5.4)
(vi) For z=re® |0} <m,

12Gy(2)/G 4(2)] <2(1+ 1) H(r) max {1, (1 +cos 8) '}. (5.5)

Proof. (i) This follows from (2.6.9) in Boas [2, p. 19] and from (3.10)
and (3.12) above. Note that n(t) = [¢(1)] < ¢(¢) in our case.

(1) From (3.12),

|H(z)| SLOO U (’)m dt. (5.6)

|t+z| \t

Now, if cos 8 >0,
lt+z? =+ rP+2rtcos 0= 1> +r = (t+r)2.
On the other hand, if cos <0, the inequality 2rt <r? + ¢* yields
It 42122 (2 4+ r))(1 +cos 0) = (£ + r)*(1 + cos 0)/2.
We deduce that for |0] <=,
Yt + 21 < /2 max{1, (1 +cos ) }/(t +r). (5.7)

Together with (5.6) this yields (5.2).
(ili) From (3.12),

= A <1>M {——(” D ’”r} .

t+r\t t+r

640 49 2.5
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Then (5.3) follows as

D)l

/< <I+1.
t+r

(iv) From (5.3), we see that
1 d !
H(r)=0 and e {H(r)/r'} =20.
r

(v) This follows by integrating (5.3).
(vi) From (3.19), we see that

o~ 1+1 /41 /
2Gy(2)/Gy(z) = (—1) j} Lfff—” (7) {Qﬁi—z} dt

and using (5.7), we easily obtain (5.5). ||

LEmMMA 5.2, Let

f(z) = Gy(z) exp(— U(z)), zeC. (5.8)

Let R,(z) be the (n+ 1)th partial sum of the Maclaurin series of f(z),
n=1,2,3,.. Let 8y (—m, ). Assume that {{,} is a sequence of positive
numbers such that for some C, and C,,

HE)<Cin,  n=1,2,., (5.9)

and
1<¢,<Cyn', n=1,2,.if >0, (5.10)
0<logé,<Cyn, n=1,2.,if[=0. (5.11)

Then there exist Cy and C4 such that for z =rexp(ify) and re (0, C5, &, ],

(i) IR, ~If(2)]-

C4(H(r)/r) f(2)], rzl,

Ci(H(r)/r+ 1| f(2)l, r<l. (3.12)

(i) 1R,()] <{

Proof. Let 0<e< i Cauchy’s integral formula yields for |z| <&,

IR(2) ~ ['(2)] <2(e€,) "' max{|R, (1) — f(1)]: |11 <2e&,}.  (5.13)
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Further, Cauchy’s integral formula yields in the usual way, for |f| <2¢&,,

|R"(t)—f(z)|=|(2m-)~1j1 M(i) du'

ul=g U —I\U
<2 max{|f(u)|: |ul =¢,}(2¢)"
<2exp(CsH(E,) + Ce&l)(2e)"

(by (5.1), (5.8), and as U has degree at most /)
<exp(Cyn+ nlog(2e)), (5.14)
by (5.9), (5.10), and (5.11). From (5.13) and (5.14), we deduce
|R,(2) — f(2)| <exp(Cygn + (n — j) log(2e)), (5.15)

for j=0,1, |z|<¢&f,, and some C; independent of & Next, Lemma 4.3
shows that for z=rexp(if,) and re (0, ),

[F(z)] < Cy log(1 + |2]), (5.16)

where C, is independent of z. Next, by (3.11) and (5.8), for ze
(0, £, exp(ify) ], we have

[f(2) = lexp((—1)'H(z) + F(2))|
> exp(~Co{ H(E,) +log(1 + £,)})
(by (5.2), monotonicity of H, and (5.16))
Zexp(—~Cyn), (5.17)
by (5.9), (5.10), and (5.11). Together with (5.15), this shows that
IR(2) ~f(2)l,  z€(0, ¢, exp(ify)],
provided ¢ is small enough. Next if z=r exp(itl;) and r >0,

1@ () <1Gu(2)/G () + |U'(2)]

<{C12(H(r)/r+rlf‘), r=1,

Cp(H(r)r+ 1), r<l. (5.18)

Here we have used (5.5) and the fact that U is a polynomial of degree at
most /. Using (5.4), (5.15), (5.17), and (5.18), we see that (5.12) follows for
ze (0, e, exp(ify)], provided ¢ is small enough.
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6. PrROOF OF THEOREM 1.1

To prove Theorem 1.1, it suffices to construct polynomials {T,(x);
satisfying the hypotheses of Lemma 3.2. Let us fix < f <1 and let

(1) =1t*, te[0, ).

This choice of ¢ satisfies the hypotheses of Lemma 3.3 with /= 0. Further,
we see from (3.12) that

o (B2 G-
H(z)=f0 H_Z(;)dt» 0t+z<?>dt (6.1)
=n cosec(nf) zF + O(1), (6.2)

uniformly in the sector |arg(z)| < n + ¢ for any 0 < ¢ < 7. Here we have used
{4.1.6) in Boas [2, p.56] and have applied (5.7) to the second integral
in (6.1). Next, as §<f<1, we can choose 8,e(—=, ) such that
n/2 < B, < m, and hence cos(f6,) <O0. It then follows that

lexp(H(z))| ~ exp(— Br*), z=rexp(ify), re [0, o), (6.3)
where

B =7 cosec(nf)|cos(f0,)| > 0.

Now, letusset ¢, =1, =n"" n=1,2,3,.. Itis clear from (6.2) that (5.9)
and (5.11) are satisfied, while as >4, (4.3) is satisfied. Let {R,} be the
polynomials of Lemma 5.2 and { P, } be the polynomials of Proposition 4.1,
with (1) = [é(r)] — #(2), so that Fy(z)= F(z). Further, let

Vn(z) = P[n/4](z) R[n/4](z)’ nh= 1’ 2” 37 (64)
and

T*(x)= |V, (xexp(ify))|?, n=1,23,., x real, (6.5)
so that V, and T} are polynomials of degree at most n/2 and n, respec-

tively. By (6.4), (6.5), (44), and Lemma 5.2(i), for xe(0, C,n'#) and
z=xexp(ify),

T¥(x) ~ lexp(— F(z)) G4(z) exp(— U(2))|?
= lexp(2H(z))] (by (3.11))
~exp( —2Bx"),
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by (6.3). If, in addition, x> 1, (4.5) and (5.12) yield
T (x) =2[Re{ V() exp(ifly) V,(2) }
< Cyexp(—2BxP){x '+ H(x)/x}
< C,exp(—2BxPyxf—1,
by (6.2). Finally, let
T, (x)=T*(x(2B)~ %), n=12.. 1

7. PROOF OF COROLLARIES 1.2 AND 1.3

We shall prove both Corollaries 1.2 and 1.3 in a more general form, but
need some preliminary lemmas:

LeMMa 7.1. Let O< p<oo. Let 0<e< 1. There exists C depending on p
and € only, such that for n=1,2,3,... and all polynomials P of degree at
most n,

P Lol —e.6] <Cn||P| Ll — 1,17

Proof. For 1< p< oo, this follows from Theorems 9.16 and 9.19 in
Nevai [24, pp. 163-164]. For 0 < p< 1, this follows from Theorem 5 in
Nevai [23, p.243]. |}

LEMMA 7.2. Let a>0. Let 0 < p< oo. There exist C| and C, depending
on o and p only, such that for all polynomials P of degree at most n,
n=1213,.,

HPWa” Lp(R) < C1||PWa” Lp(— Con'/2, Conliay:

Proof. See Lubinsky [16, Theorem A] or Mhaskar and Saff [20,
Lemma 6.3]. |

We can now prove

THrOREM 7.3. (Local Markov-Bernstein Inequality). Let a>1. Let
O<p<oo. Let 0<n<é<oo. There exist C=C(n, &, a, p) only, such that
Sfor all polynomials P of degree at most n,n=1,2,3,...,

VP Wl gt iy < €' ™ VL P, et gy (7.1)

\nn

Proof. Let 4, ,=(—nn"* yn'*) and ¢, =(—¢&n'™ én'™), n=1,2,3,..
By Theorem 1.1, there exists a positive integer J, independent of n, and
polynomials S,(x) of degree at most Jn, n=1, 2,..., such that

S(x) ~ Wo(x), x| < &n'f2, (7.2)
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and
IS (x)| <Cn' VW (x),  |xI<En'™ (7.3)

Then, for each polynomial P(x) of degree at most n,
[P Wl Loy SCUIP Sl L0,

(by (7.2))
= C,I(PS,) — PSyll Lo,
SCAIPS,) s +n' " FIPWLIL b (14)

by (7.3). This last step is valid even if O0< p <1, provided C, is large
enough. Since PS, is a polynomial of degree at most (J+1)n, we can
apply Lemma 7.1 after transforming the interval .#, to (—¢, ¢) and ¢, to
(—1, 1), with ¢ =5/¢&, to deduce

1(PS, )l sy < Can' =V IPS N 5,

-1
<C4n l‘aHPWa“]_p(‘;n)a

by (7.2). Together with (7.4), this yields (7.1). J

We note that essentially the above idea appears in Bonan [3] and
Bonan and Nevai [4], but the method was rediscovered by the present
authors. It is clear that Corollary 1.3 follows from Lemma 7.2 and
Theorem 7.3. The following result is new only for 1 <o < 2:

THEOREM 7.4, Let O<p<oc, a>1, and j be a non-negative integer.
Then there exist C, and C, depending only on j, p, and a such that

(1) A (W fy X)~ (0% YTV (), x| <Cyn'%  (1.5)
(i) Ay Wy jyx) 2 Co(n* 7Y (x),  xeR (7.6)

Proof. It suffices to prove (7.6), since matching upper bounds for
dn. (W, J, x) for [x| < C n"* appear in [17, Theorem 3.6(ii)]. We start by
considering the case j=0. Let 0 <y < ¢ < o0, and {S,} be the polynomials
of degree at most Jn satisfying (7.2) and (7.3). Then, for |x| <nn'*, (2.1)
and (7.2) show that

A"'n,p( Waa j’ x)/Waz(x)> C ;nf “PSn“ Lyt - §n"’,g’n1'1)/|PSn|(x)
P

=2C inf |P| L,( entin, gntiny/ | P(X))]

P+t

>Cy(n' ), (7.7)
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by Lemma 6.3.5 and Theorem 6.3.13 [24, pp. 108, 113] and by transform-
ing the interval (—&n'® En'*) to (—1,1). Although Nevai’s resuit is
proved for 0 < p < o, the last step is trivial if p = co. This establishes (7.6)
for j=0 and |x|<nn'” 5>0 arbitrary. Now, by Lemma 7.2, we can
choose # >0 such that for all polynomials P of degree at most #,

”PW:xH Lo (R) < CHPWa” L (—npnli% gnlin)
SCIPW, | fn' )17, (78)

by (7.7) and the definition (2.1) of 4, ,(W,, 0, x). Hence, (7.6) holds for
j=0 and all xe R. This last trick is essentially due to Mhaskar and Saff
[20, Theorem 6.5].

To prove (7.6) for j=1, 2, 3,.., we note that for any polynomial P of
degree at most n, Corollary 1.3 yields

1PV, r) < Coln' = *VIPW I, )

S Cyln' =Y PUPWL L my,

by (7.8). This establishes (7.6) in the general casse. ||

We can now prove that assertions (i) and (ii) of Theorem 1.1 cannot
hold for any a € (0, 1]. For if they did, the method of proof of Theorem 7.4
would show that (7.6) holds for some «e (0, 1]. If o < 1, this would con-
tradict the fact that 4, , is non-increasing in n. If a =1, then (7.6) and (2.3)
would imply that

A W3, xy = CW3(x), xeR,

which would contradict the known upper bounds for the Christoffel
functions [127 as well as the fact that the Hamburger moment problem for
W? is determinate.

COROLLARY 7.5. Let a>1 and j be a non-negative integer. Then, for
n=j+1,j4+2,.,
n—1 1 /ay2j+1 1/
. ~(n ) x| <Cyin'7,
. 2
¥ ool {20 e Y

k=0

Proof. This follows from (2.2) and Theorem 7.4. |

The following weighted Nikolskii inequality appears in Mhaskar and
Saff [20, Theorem 3.1] with an extra factor of logn for 1 <a < 2.
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THEOREM 7.6. Suppose a> 1 and 0 < p<r< oc. Then
IPW.Il ) S Clr' = V)7 Y PWI s, (7.9)

for all polynomials P of degree at most n, and with C = C(x, p,r) only.

Proof. For r=c0, we proved (7.9) in Theorem 7.4—see (7.8). Suppose
now 0 < p<r<oo. Then

IPW. =] [PWx)" 71 PW,(x)]” dx

SIPWAL &) IPW (w)
SC(n' =P PW L&) IPWE )

by what has already been proved. Then (7.9) follows on taking pth
roots. ||

The next result 1s new only for 1 <o < 2:

THEOREM 7.7. Let a> 1. There exists C such that for every pair of con-
secutive zeros x,, and x; .y, of p,(W?; x) lying in (—Cn'”, Cn'™*), we have

-1+ lix
Xin = Xjp 1~ 1 .

jn

Proof.  The requisite lower bounds for x;,,—x;, ;, may be proved as in
Theorem 5.1 in Freud [10, p. 36], using Corollary 7.5. The upper bounds
were proved in Freud [9, p.294]. |

Finally, we note that Nevai [22, p. 336] showed that the leading coef-
ficient y,=7v,(W?) of p,(W?; x) satisfies y,_/y,~n"*, n=1,2,., a>1.

Together with Corollaries 1.2 and 1.3 and Theorem 7.7, this may be used
to extend the approximation theoretic results in [10,11] and possibly
those discussed in [19] to the weights W, 1 <a < 2.
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